We apply to the massive scalar field a method recently proposed by Schwinger to calculate the Casimir Effect. The method is applied with two different regularization schemes: the Schwinger's original one by means of Poisson formula and another one by means of analytical continuation.
The importance of the Casimir Effect (1) steems from its far reaching conceptual meaning in relativistic quantum field theory and for its appearance in rather simple physical conditions, which makes possible not only its precise calculation but also its experimental verification. The original setup proposed by Casimir consists in a pair of paralel conducting plates immersed in electrodynamic's vaccum and the predicted effect, the attraction between the plates, was indeed later observed (2) . The Casimir method of calculation (3) Schwinger's method consists essentially in using Schwinger's formula for the effective action W (1) in proper time representation (5) :
where the exponential of iW (1) is defined as the vacuum persistency probability amplitude 0 + |0 − at the one-loop level, T r means the total trace, H is the corresponding proper time
Hamiltonian and s o is a regularization cutoff that must be sent to zero only at the end of the calculations, after appropriate subtractions of divergent terms is made; the additional constant is used to subtract divergent terms, thereby establishing the physical normalization for the situation. The energy of the configuration under consideration is obtained from the
where T is the duration of the measurement. Schwinger applied this method to calculate the vaccum energy of the massless scalar field between two perfectly conducting large parallel plates (4) ; the force between them is then obtained as the derivative of the energy with respect to the plates separation. A crucial part of the calculation is the use of Poisson's formula (6) ,
to exhibit two spurious terms in the energy, a uniform density vaccum energy and the selfenergy associated to each individual plate, both diverging when s o → 0. To arrive at the final result these terms must be subtracted before taking the limit s o → 0. The same problem can be handled in a slightly modified way, by writing the effective action as:
where, differently from (1), the range of integration starts at zero and the factor s ν in the integrand is taken large enough to regularize the integral and disappears at the end by analytical continuation to ν = 0. With this new regularization scheme the final result for the massless case was obtained in a remarkable simple way (3) , without the appearance of any divergent term, actually without the appearence of any spurious term.
Let us now apply Schwinger's method to the proper-time Hamiltonian:
where p j = −i∂/∂x j , ω = i∂/∂t and m is the mass. The boundary conditions are dictated by two perfectly conducting hyperplanes, perpendicular to the d-direction and separated by a distance a. The total trace is for this case:
By substituing this trace in (1) we get for the energy E the expression:
which by using Poisson's formula can be recasted in the following form:
The first term, on the right-hand side of this equation, proportional to the conductor area
, comes from the self-energy of each conductor and must be normalized to zero because one is concerned only with the energy shift produced by varying the distance a between the conductors. The second term, proportional to the spatial volume aL d−1 , comes from a uniform spatial density of vaccum energy and must also be eliminated by a term in the constant of equation (1), in order to normalize the vaccum energy density to zero in the limit a → ∞. Hence, we take the last term as the physical energy of interaction; by taking the limit s o → 0 and changing the integration variable to σ = a 2 /is we arrive at:
Since both m 2 a 2 and n 2 are positive the above integral is well defined and can be written as a series in modified Bessel functions (7) . The final expression for the energy E(0) is then obtained as (8) :
Let us now turn to the modified Schwinger method, in which we start with expression (3) and use the total trace (5) to arrive at the expression:
The integration is now given by the mere definition of the gamma function,
and leads after some elementary manipulations to:
where we have defined µ = am/π and assumed ν > (d +1)/2, to guarantee the convergence of the series; its sum can then be analytically continued by means of the following equality (9, 8) :
where ℜz > 1/2. Using this equality in (11) we arrive at:
Now we have to use the analytical continuation to take the limit ν → 0 and this is all that we have to do in the massless case to get the final result (3) . However, in the present case of a massive field we identify in (13) two spurious terms in the limit ν → 0, not necessarily divergent as in (7), but still spurious: the first term in (13), independent of a, gives the self-energies associated with the individual plates, and the second term, proportional to a, gives a uniform energy density of the vaccum. After discarding these two terms and then taking the limit we are left with an expression for the Casimir energy which is identical to (9) .
After these calculations a short comment is in order. Schwinger's method, which showed itself as a very powerful method for QED, is also a very economical way of computing the Casimir energy in other situations. Depending on the regularization scheme adopted, the spurious terms can be made finite or divergent. In the regularization by Poisson formula they are both divergent, while in the analytical continuation scheme they will never be simultaneously divergent. It is interesting to note that in the latter case the two terms exchange between themselves the divergent character each time the dimension of space changes by a unit.
